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1. Introduction

In the present paper we introduce the discrete counterpart of a class of
Hopfield neural networks with periodic integral impulsive conditions and
finite distributed delays. We apply the continuation theorem of coincidence
degree theory (Gaines and Mawhin [7]) to obtain a sufficient condition for
the existence of a periodic solution of the discrete system considered. By
introducing an appropriate Lyapunov functional we derive a sufficient con-
dition for the uniqueness and global exponential stability of the periodic
solution. For works proving the existence of a periodic solution of differen-
tial and difference equations by the coincidence degree theory the reader
can see Fan and Agarwal [3], Fan and Wang [4,5], Fan et al. [6], Li [9], Li
and Kuang [10], Li and Lu [11]. In particular, in Li and Lu [11] the exis-
tence of a periodic solution of Hopfield-type neural network with impulses
is proved. In Zhou et al. [14] one proves the existence of a periodic solution
of a discrete-time analogue of a bidirectional associative memory (BAM)
neural network with periodic coefficients and finite distributed delays with-
out impulses.

2. Statement of the problem. Main results

We consider a class of Hopfield neural networks with periodic integral im-
pulsive conditions and finite distributed delays, which are formulated in the
form of a system of impulsive delay differential equations

d;:: = —a;(t)z;(t) + ;bij(t) 5 ( /Ow gij(8)z;(t — 5) ds) + L), (1)
t# tk,
Az;(ty) = xi(tr +0) — 2(tx) 2)

= —'yikxi(tk) + Z Bijkq)j (/ Cij (8)1'] (tk—S) dS) + Qe
j=1 0

i=1m, ke,

where m is the number of neurons in the network, x;(t) is the state of the
i-th neuron at time ¢, a;(t) > 0 is the rate at which the -th neuron resets
its state when isolated from the system, b;;(t) is the synaptic connection
weight from the j-th neuron to the i-th one, f;(-) are signal transmission
functions of the j-th neuron, w is the maximum transmission delay from one
neuron to another, g;;(-) and ¢;;(-) are nonnegative delay kernels, I;(t) is
the external input to the i-th neuron, t; (k € Z) are the instants of impulse
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effect which form a strictly increasing sequence, v;x (i = 1,m, k € Z) are
positive constants.

We assume that the above system (1), (2) satisfies the following peri-
odicity conditions: a;(t), b;;(t), I;(t) are w-periodic in t; tpyp = tp + w,
Vik+p = Yiks Bijk+p = Bijk, 0 k+p = . Without loss of generality we
can assume that

O<t1<t2<~-~<tp<w.

The Hopfield neural network (1) is similar to the bidirectional associa-
tive memory neural network considered in Zhou et al. [14]

Combining some ideas of Mohamad and Gopalsamy [13], Akga et al. [1],
Zhou et al. [14] we shall formulate the discrete counterpart of system (1),
(2). For a positive integer N we choose the discretization step h = w/N.
For the moment we assume N so large that

h < min (tg41 — tg)-
k=1,p
Then each interval [nh, (n 4+ 1)h] contains at most one instant of impulse
effect ty.

For convenience we denote n = [t/h], the greatest integer in t/h, and
ng = [tx/h]. Clearly, we will have ngy, = ny + N for all k € Z.

Let n € Z, n # ny. This means that the interval [nh, (n 4 1)h] contains
no instant of impulse effect t;.

We approximate the integral term in (1) by a sum:

w N
[ ot =) ds = S aithye; ((n = Oh) o)
=1
where ¢(h) = h + O(h?).
Next we approximate the differential equation (1) on the interval
[nh, (n + 1)h] by
dmi Ui

N
5 Hainh)zi(t) = L(nh)+Y bij(nh)f; (Z gij(th)zj ((n — £)h) W(M) :
(=1

j=1

We multiply both sides of this equation by exp (a;(nh)t) and integrate over
the interval [nh, (n 4+ 1)h]. Thus we obtain

i ((n+ 1)h) — zi(nh) = — (1 - e—aimh)h) wi(nh) (3)

1— efai(nh)h m N
+ ) Li(nh) + Y bij(nh) f; (Z gi;(€h)x; ((n — L)h) <p(h)>

j=1 =1
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Henceforth by abuse of notation we write z;(n) = =z;(nh) and define
Az;(n) = z;(n+1) —x;(n) (¢ = 1,m, n € Z). For convenience we adopt
the notations:
Ai(n) =1 — e~ unh)h (t=1,m, n € Z\ {ng}rez),

1 — i (nh)h
Ln)=— "
i(n) a;(nh)
1— e—ai(nh)h o
bij(n) = Wbij(nh) (t,j=1,m, n € Z\ {ng}trez),

9i;(0) = giz(th)p(h)  (i,j=T,m, L=1,N).

Clearly, we have 0 < A;(n) < 1. In particular, if a;(t) < %, then A;(n) <
With the above notation equation (3) takes the form

I;(nh) (t=1,m, n € Z\ {ni}rez),

L
N

m N
Azi(n) = —Ai(n)z;(n) + Li(n) + Zbij(n)fj (Z gz‘j(e)ifj(”f)) , (4)
j=1 =1

i=1,m, mn#ny.

Next, for n = ny, the interval [nh, (n + 1)h] contains the instant of impulse
effect ¢;. On this interval we approximate the impulse condition (2) by

m N
sz(nk) = 7’yik$i(nk) + Ok + ZBijkq)j (Z Cij (£):rj (nk€)> , (5)
£=1

j=1
i=1m, keZ,

where

cij(€) = cij(th)p(h)  (i,j=T,m, £=1,N).
For uniformity of notation we define
Ai(ng) = Yie,  Liln) =i (i=1,m, k€ Z).

Now the difference system (4), (5) can be written in operator form as

Ax = Hz, (6)
where
(Hz)i(n) = —Aij(n)zi(n) + Li(n) (7)
m N
3 byt (S an(Omn =), 0
+ 3;1 ﬁ[:l
> Bijk®; (Z cij(O)zj(ng — €)) , =g
j=1 =1
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In order to formulate our assumptions, we need some more notation:

Iy={0,1,...,N—1},

N—-1
A = i Al s Az— A’L 3 :17
= min An) > Al i=Tm

Now we introduce the following conditions:

H1. A;(n+ N) = A;(n), Li(n+ N) = I;(n) for i =1,m, n € Z;
ng € Z for all k € Z and ny4p, = ng + N; byj(n + N) = b;;(n)
(n # nk), Bijk+p = Bigs (k € Z) for 4,5 = T,m.

H2. A, >0, A4; <1fori=1,m.

H3. The functions f;(-), ®;(-) (j = 1,m) are bounded on R and there
exist positive constants M; and L; such that

Ifi(@) = fi(n)] < Mjlz —y|, |®(z) — @;(y)| < Ljlz — y]
for all z,y € R.

H4. gij(ﬂ) > 07 Cij(e) > 0 for i,j = l,m, l= l,N.
We again introduce some notation:
I; = I; =1
i TIL%E}§| Z(TL)‘, ? y Ty
bij = sup [bj;(n)|, By = max [Bipl,  i,j=Tm.
n#ng k=1,p

N—1

For an N-periodic sequence v(n) we denote & = + v(n); for t =1,m
n=0

=T, %2 [(N = p)Bi; | £5(0)] + pBis 2,(0)]] .

Next we denote

M = max{L;, M;}, ji=1,m,

1,m

N N
Gij =Y gi(0), Ciy=> cij(b), i,]
=1 =1

Bl‘j = max{gij, Eij}, gij = maX{Gij, Cij}, i,j = 1,

We introduce the m x m matrices

3

. Al 1_Zi . m
A = diag (ﬁ’ L= Lm) ; B = (BijM;Gij); . -

Then we introduce the conditions
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H5. min AZ - M; Bi;Gi; | >0.
i=T,m ; I

Heé. Al > M,; ZBﬂgﬂ for i = 1,m.
j=1
H7. The matrix A— B is an M-matrix (Fiedler [2], Horn and Johnson [8]).

Theorem 2.1. Suppose that conditions H1-H5, H7 hold. Then the equa-
tion (6) has at least one N -periodic solution.

Sketch of the proof. We shall prove Theorem 2.1 using Mawhin’s con-
tinuation theorem (Gaines and Mawhin [7], p. 40). To state this theorem
we need some preliminaries:

Let X,Y be real Banach spaces, L : Dom L € X — Y be a linear
mapping, and H : X — Y be a continuous mapping. The mapping L will
be called a Fredholm mapping of index zero if dim Ker L = codim Im L <
400 and Im L is closed in Y. If L is a Fredholm mapping of index zero
and there exist continuous projectors P : X — Xand Q : Y — Y
such that Im P = Ker L, Ker @ = Im L = Im (I — @), then the mapping
L|pom tnker P : (I — P)X — Im L is invertible. We denote the inverse of
this mapping by Kp. If Q is an open bounded subset of X, the mapping
H will be called L-compact on Q if QH () is bounded and Kp(I — Q)H :
Q — X is compact. Since Im @ is isomorphic to Ker L, there exists an
isomorphism J : Im @ — Ker L.

Now Mawhin’s continuation theorem can be stated as follows.

Lemma 2.1. Let L be a Fredholm mapping of index zero, let Q@ C X be an
open bounded set and let H : X — Y be a continuous operator which s
L-compact on Q. Assume that the following conditions hold:

(a) for each A € (0, 1), z € 02 NDom L, Lz # AHzx;

(b) for each x € QN Ker L, QHx # 0;

(c) deg (JQH, QNKer L, 0) # 0, where deg(+) is the Brouwer degree [12].
Then the equation Lx = Hx has at least one solution in QN Dom L.

Let us choose X = Y = {x(n) = (z1(n),r2(n),...,zmn)T : x(n +
N) =z(n), n € Z}. If we define |z;| = max |zi(n)], || = 3 |x;], then X
n€ln i—1

is a Banach space with the norm | - ||. For z € X, let Hz be defined by (7),
Lz = Az and

Pr=Qx=%=(Z1,%2,...,&m)" .



January 10, 2009 13:26 WSPC - Proceedings Trim Size: 9in x 6in  akca-paper2

641

Then Ker L = {z € X: 2 = h € R™} (vectors with components inde-

N—1

pendent of n), Im L = {z € X: > z;(n) =0, i = 1,m} is a closed set
n=0

in X, and codim L = m. Thus L is a Fredholm mapping of index zero. It

is easy to see that P and @ are continuous projectors and Im P = Ker L,
Im L = Ker Q = Im (I — Q), and H is L-compact on ) for any bounded
set 2 C X. Moreover, in condition (¢) of Lemma 2.1 the isomorphism J can
be taken as the identity operator I.

First for the solutions x of the operator equation Lx = AHzx for A €
(0, 1), that is,

Az;(n) = AN(Hz);(n), ne€ly,i=1m,

after lengthy calculations we derive the estimate

AQ-T), , &
TNAfm' =Y ByyM;Gijlaj| < pi. (8)
A; =
If we introduce the vectors |z| = (|z1],|z2|,...,|zm|) and p =

(p1,p2,--->pm)T, then the system of inequalities (8) for i = T,m can be
written in a matrix form

(A - B)lz| <p, (9)

where the matrices A and B were introduced in §2. By virtue of condition
H7 the inequality (9) implies
o < (A—B)'p.
If (A— B) 'p = (C;,Cs,...,C:)T, this means that the components of
each solution of Az = AHz satisfy |z;| < Cf. If we denote C* = Y CF,
i=1

then each solution of Az = AHz satisfies ||z| < C*.

Now we take Q = {x € X : ||z|| < C}, where C > C* will be chosen
later. Obviously (2 satisfies condition (a) of Lemma 2.1.

Now let z € 0Q NKer L = 0Q NR™, i.e., x is a constant vector in R™
with [|z|| = C. For such = we obtain

IQH ]| > min_ Ai = MY BjiGii | C =Y pie

j=1 i=1
By condition H5

m

lglll,lm /L' - M; ;Bﬂgﬂ > 0.
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Then we can choose C' > C* so large that

min | 4, — M; ZB_}Zg]Z C > sz.

i=1,m =1 i—1

Hence for z € 9Q N Ker L we have |QHz|| > 0 and QHx # 0, that is,
condition (b) of Lemma 2.1 is satisfied.

To prove (c), we define the mapping (QH), : Dom L x [0,1] — X by
(QH), = —pA + (1 — p)QH, where Az = (Alxl,Agxg, . flmxm)T.

For x € 02 N Ker L as above we obtain

1(QH),.z| > mlln A — Mzgﬂgﬂ C— sz>o

J=1 =1

This means that (QH),x # 0 for x € 9Q N Ker L and p € [0, 1]. From the
homotopy invariance of the Brouwer degree [12] it follows that

deg (QH, QN Ker L, 0) = deg (—A4, QN Ker L, 0) = (—1)™ # 0.

According to Lemma 2.1 the equation (6) has at least one N-periodic so-
lution. This completes the proof of Theorem 2.1. m|

Theorem 2.2. Suppose that conditions H1-H/4, H6, H7 hold. Then the
N-periodic solution of (6) is unique and globally exponentially stable.

Sketch of the proof. Let g,;(¢) = max{g;;({), ci;({)}, i,j = 1,m, £ =
1, N. Clearly,

Zgzj glj) i,j :L_m.

Now we shall use the following assertion.
Lemma 2.2. Assume that condition H6 holds. Then there exists X > 1
such that for any i = T,m, n € Ix and X € (1,\] we have

M1 — Ay(n)) + M, Zsﬂzwlgﬂ )—1<0.
j=1

Now let us suppose that z*(n) = (z§(n), z5(n), ,x;‘;(n))T is an N-
periodic solution of equation (6), and z(n) = (z1(n), z2(n),...,zm(n))T is
any solution of (6) for n > 0, defined at least for n > —N.
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From (6) and (7) for n € Z$ = {n € Z: n > 0}, n # n;, we derive
zi(n+1) —zi(n+1)| < (1= Ai(n))|zi(n) — 27 (n)]
+waM Zg” g (n =€) = a5 (n— 0],
while for n = n; we have
(g +1) — 27 (ng +1)| < (1= As(ng)[wi(ng) — 27 ()|
ZBWL ch i (g — £) — 25 (ng, — £)].
Now we introduce the quantities
yi(n) = \*|zi(n) —2i(n)|, Ae(1,)], i=1,m, n>-N.
Then we have
yi(n+1) < AM1—4Ai(n))y ZBZJM ZVHQ@] (O)yj(n—L), (10)
j=1 =1

Ae (LA, i=T,m, neZ].

Now we consider a Lyapunov functional V(n) = V(y1,¥y2,...,¥m)(n) de-
fined by

m m N n—1

V(n) = Z yi(n) + ZBiij Z >\Z+lgij(£) Z yi(s) ¢, neZ.
j=1 =1

i=1 s=n—~L

Taking into account (10), we estimate the difference AV(n) = V(n+1) —
V(n) for n € Z§:

n)gi{)\(l— 1 +M ZB]zZ)\e-i_lgjz _1}y’t(n)
=1 j=1

By virtue of Lemma 2.2 we have AV (n) < 0 for all n € Z7, which implies
that

V(n) < V(0), n €. (11)
On the other hand, we have

m

n) = Zyi(n) = ZA"\wi(n) — 7 (n)]
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and

<D LM ZBWDA 9;:(0) ¢ max [zi(s) —a(s)],
j=1

P EIS]
where I_n = {—N,—N+1,...,—1,0}. Here we used the fact that 1 < A <
A
Thus from inequality (11) we obtain

m

Z|:1c (n)] < M~ Zmax |zi(s) — zF(s)], me€ZS,

where

M = max | 1+M; ZBJZZE/\
=1,m =

This completes the proof of Theorem 2.2. O
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