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1. Introduction

In the present paper we introduce the discrete counterpart of a class of
Hopfield neural networks with periodic integral impulsive conditions and
finite distributed delays. We apply the continuation theorem of coincidence
degree theory (Gaines and Mawhin [7]) to obtain a sufficient condition for
the existence of a periodic solution of the discrete system considered. By
introducing an appropriate Lyapunov functional we derive a sufficient con-
dition for the uniqueness and global exponential stability of the periodic
solution. For works proving the existence of a periodic solution of differen-
tial and difference equations by the coincidence degree theory the reader
can see Fan and Agarwal [3], Fan and Wang [4,5], Fan et al. [6], Li [9], Li
and Kuang [10], Li and Lu [11]. In particular, in Li and Lu [11] the exis-
tence of a periodic solution of Hopfield-type neural network with impulses
is proved. In Zhou et al. [14] one proves the existence of a periodic solution
of a discrete-time analogue of a bidirectional associative memory (BAM)
neural network with periodic coefficients and finite distributed delays with-
out impulses.

2. Statement of the problem. Main results

We consider a class of Hopfield neural networks with periodic integral im-
pulsive conditions and finite distributed delays, which are formulated in the
form of a system of impulsive delay differential equations

dxi
dt

= −ai(t)xi(t) +
mX
j=1

bij(t)fj

µZ ω

0

gij(s)xj(t− s) ds

¶
+ Ii(t), (1)

t 6= tk,

∆xi(tk) ≡ xi(tk + 0)− xi(tk) (2)

= −γikxi(tk) +
mX
j=1

BijkΦj

µZ ω

0

cij(s)xj(tk−s) ds
¶
+ αik,

i = 1,m, k ∈ Z,

where m is the number of neurons in the network, xi(t) is the state of the
i-th neuron at time t, ai(t) > 0 is the rate at which the i-th neuron resets
its state when isolated from the system, bij(t) is the synaptic connection
weight from the j-th neuron to the i-th one, fj(·) are signal transmission
functions of the j-th neuron, ω is the maximum transmission delay from one
neuron to another, gij(·) and cij(·) are nonnegative delay kernels, Ii(t) is
the external input to the i-th neuron, tk (k ∈ Z) are the instants of impulse
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effect which form a strictly increasing sequence, γik (i = 1,m, k ∈ Z) are
positive constants.
We assume that the above system (1), (2) satisfies the following peri-

odicity conditions: ai(t), bij(t), Ii(t) are ω-periodic in t; tk+p = tk + ω,
γi,k+p = γik, Bij,k+p = Bijk, αi,k+p = αik. Without loss of generality we
can assume that

0 < t1 < t2 < · · · < tp < ω.

The Hopfield neural network (1) is similar to the bidirectional associa-
tive memory neural network considered in Zhou et al. [14]
Combining some ideas of Mohamad and Gopalsamy [13], Akça et al. [1],

Zhou et al. [14] we shall formulate the discrete counterpart of system (1),
(2). For a positive integer N we choose the discretization step h = ω/N .
For the moment we assume N so large that

h < min
k=1,p

(tk+1 − tk).

Then each interval [nh, (n + 1)h] contains at most one instant of impulse
effect tk.
For convenience we denote n = [t/h], the greatest integer in t/h, and

nk = [tk/h]. Clearly, we will have nk+p = nk +N for all k ∈ Z.
Let n ∈ Z, n 6= nk. This means that the interval [nh, (n+ 1)h] contains

no instant of impulse effect tk.
We approximate the integral term in (1) by a sum:Z ω

0

gij(s)xj(t− s) ds ≈
NX
c=1

gij(ch)xj ((n− c)h)ϕ(h),

where ϕ(h) = h+O(h2).
Next we approximate the differential equation (1) on the interval

[nh, (n+ 1)h] by

dxi
dt
+ai(nh)xi(t) = Ii(nh)+

mX
j=1

bij(nh)fj

Ã
NX
c=1

gij(ch)xj ((n− c)h)ϕ(h)

!
.

We multiply both sides of this equation by exp (ai(nh)t) and integrate over
the interval [nh, (n+ 1)h]. Thus we obtain

xi ((n+ 1)h)− xi(nh) = −
³
1− e−ai(nh)h

´
xi(nh) (3)

+
1− e−ai(nh)h

ai(nh)

⎧⎨⎩Ii(nh) +
mX
j=1

bij(nh)fj

Ã
NX
c=1

gij(ch)xj ((n− c)h)ϕ(h)

!⎫⎬⎭ .
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Henceforth by abuse of notation we write xi(n) = xi(nh) and define
∆xi(n) = xi(n + 1) − xi(n) (i = 1,m, n ∈ Z). For convenience we adopt
the notations:

Ai(n) = 1− e−ai(nh)h (i = 1,m, n ∈ Z \ {nk}k∈Z),

Ii(n) =
1− e−ai(nh)h

ai(nh)
Ii(nh) (i = 1,m, n ∈ Z \ {nk}k∈Z),

bij(n) =
1− e−ai(nh)h

ai(nh)
bij(nh) (i, j = 1,m, n ∈ Z \ {nk}k∈Z),

gij(c) = gij(ch)ϕ(h) (i, j = 1,m, c = 1, N).

Clearly, we have 0 < Ai(n) < 1. In particular, if ai(t) < 1
ω , then Ai(n) <

1
N .

With the above notation equation (3) takes the form

∆xi(n) = −Ai(n)xi(n) + Ii(n) +
mX
j=1

bij(n)fj

Ã
NX
c=1

gij(c)xj(n−c)
!
, (4)

i = 1,m, n 6= nk.

Next, for n = nk the interval [nh, (n+ 1)h] contains the instant of impulse
effect tk. On this interval we approximate the impulse condition (2) by

∆xi(nk) = −γikxi(nk) + αik +
mX
j=1

BijkΦj

Ã
NX
c=1

cij(c)xj(nk−c)
!
, (5)

i = 1,m, k ∈ Z,

where

cij(c) = cij(ch)ϕ(h) (i, j = 1,m, c = 1, N).

For uniformity of notation we define

Ai(nk) = γik, Ii(nk) = αik (i = 1,m, k ∈ Z).

Now the difference system (4), (5) can be written in operator form as

∆x = Hx, (6)

where

(Hx)i(n) = −Ai(n)xi(n) + Ii(n) (7)

+

⎧⎪⎪⎨⎪⎪⎩
mP
j=1

bij(n)fj

µ
NP
c=1

gij(c)xj(n− c)

¶
, n 6= nk,

mP
j=1

BijkΦj

µ
NP
c=1

cij(c)xj(nk − c)

¶
, n = nk.
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In order to formulate our assumptions, we need some more notation:

IN = {0, 1, . . . , N − 1},

Ai = min
n∈IN

Ai(n), Ai =
N−1X
n=0

Ai(n), i = 1,m.

Now we introduce the following conditions:

H1. Ai(n+N) = Ai(n), Ii(n+N) = Ii(n) for i = 1,m, n ∈ Z;
nk ∈ Z for all k ∈ Z and nk+p = nk + N ; bij(n + N) = bij(n)

(n 6= nk), Bij,k+p = Bijk (k ∈ Z) for i, j = 1,m.
H2. Ai > 0, Ai < 1 for i = 1,m.
H3. The functions fj(·), Φj(·) (j = 1,m) are bounded on R and there

exist positive constants Mj and Lj such that

|fj(x)− fj(y)| ≤Mj |x− y|, |Φj(x)− Φj(y)| ≤ Lj |x− y|
for all x, y ∈ R.

H4. gij(c) ≥ 0, cij(c) ≥ 0 for i, j = 1,m, c = 1, N .

We again introduce some notation:

Ii = max
n∈IN

|Ii(n)|, i = 1,m,

bij = sup
n6=nk

|bij(n)|, Bij = max
k=1,p

|Bijk|, i, j = 1,m.

For an N -periodic sequence v(n) we denote ṽ = 1
N

N−1P
n=0

v(n); for i = 1,m

ρi = Ii +
1

N

mX
j=1

£
(N − p)bij |fj(0)|+ pBij |Φj(0)|

¤
.

Next we denote

Mj = max{Lj , Mj}, j = 1,m,

Gij =
NX
c=1

gij(c), Cij =
NX
c=1

cij(c), i, j = 1,m,

Bij = max{bij , Bij}, Gij = max{Gij , Cij}, i, j = 1,m.

We introduce the m×m matrices

A = diag

Ã
Ai

¡
1−Ai

¢
1 +NAi

, i = 1,m

!
, B = (BijMjGij)mi,j=1 .

Then we introduce the conditions
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H5. min
i=1,m

⎛⎝Ãi −Mi

mX
j=1

BjiGji

⎞⎠ > 0.

H6. Ai >Mi

mX
j=1

BjiGji for i = 1,m.

H7. The matrix A−B is anM -matrix (Fiedler [2], Horn and Johnson [8]).

Theorem 2.1. Suppose that conditions H1—H5, H7 hold. Then the equa-
tion (6) has at least one N-periodic solution.

Sketch of the proof. We shall prove Theorem 2.1 using Mawhin’s con-
tinuation theorem (Gaines and Mawhin [7], p. 40). To state this theorem
we need some preliminaries:
Let X,Y be real Banach spaces, L : Dom L ⊂ X −→ Y be a linear

mapping, and H : X −→ Y be a continuous mapping. The mapping L will
be called a Fredholm mapping of index zero if dim Ker L = codim Im L <

+∞ and Im L is closed in Y. If L is a Fredholm mapping of index zero
and there exist continuous projectors P : X −→ X and Q : Y −→ Y
such that Im P = Ker L, Ker Q = Im L = Im (I −Q), then the mapping
L|DomL∩KerP : (I − P )X −→ Im L is invertible. We denote the inverse of
this mapping by KP . If Ω is an open bounded subset of X, the mapping
H will be called L-compact on Ω if QH(Ω) is bounded and KP (I −Q)H :

Ω −→ X is compact. Since Im Q is isomorphic to Ker L, there exists an
isomorphism J : Im Q −→ Ker L.
Now Mawhin’s continuation theorem can be stated as follows.

Lemma 2.1. Let L be a Fredholm mapping of index zero, let Ω ⊂ X be an
open bounded set and let H : X −→ Y be a continuous operator which is
L-compact on Ω. Assume that the following conditions hold:
(a) for each λ ∈ (0, 1), x ∈ ∂Ω ∩DomL, Lx 6= λHx;
(b) for each x ∈ ∂Ω ∩KerL, QHx 6= 0;
(c) deg (JQH, Ω∩KerL, 0) 6= 0, where deg(·) is the Brouwer degree [12].

Then the equation Lx = Hx has at least one solution in Ω ∩DomL.

Let us choose X = Y = {x(n) = (x1(n), x2(n), . . . , xm(n))
T : x(n +

N) = x(n), n ∈ Z}. If we define |xi| = max
n∈IN

|xi(n)|, kxk =
mP
i=1
|xi|, then X

is a Banach space with the norm k · k. For x ∈ X, let Hx be defined by (7),
Lx = ∆x and

Px = Qx = x̃ = (x̃1, x̃2, . . . , x̃m)
T .
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Then Ker L = {x ∈ X : x = h ∈ Rm} (vectors with components inde-

pendent of n), Im L = {x ∈ X :
N−1P
n=0

xi(n) = 0, i = 1,m} is a closed set
in X, and codim L = m. Thus L is a Fredholm mapping of index zero. It
is easy to see that P and Q are continuous projectors and Im P = Ker L,
Im L = Ker Q = Im (I − Q), and H is L-compact on Ω̄ for any bounded
set Ω ⊂ X. Moreover, in condition (c) of Lemma 2.1 the isomorphism J can
be taken as the identity operator I.
First for the solutions x of the operator equation Lx = λHx for λ ∈

(0, 1), that is,

∆xi(n) = λ(Hx)i(n), n ∈ IN , i = 1,m,

after lengthy calculations we derive the estimate

Ai(1−Ai)

1 +NAi

|xi|−
mX
j=1

BijMjGij |xj | ≤ ρi. (8)

If we introduce the vectors |x| = (|x1|, |x2|, . . . , |xm|)T and ρ =

(ρ1, ρ2, . . . , ρm)
T , then the system of inequalities (8) for i = 1,m can be

written in a matrix form

(A−B)|x| ≤ ρ, (9)

where the matrices A and B were introduced in §2. By virtue of condition
H7 the inequality (9) implies

|x| ≤ (A−B)−1ρ.

If (A − B)−1ρ = (C∗1 , C
∗
2 , . . . , C

∗
m)

T , this means that the components of

each solution of ∆x = λHx satisfy |xi| ≤ C∗i . If we denote C
∗ =

mP
i=1

C∗i ,

then each solution of ∆x = λHx satisfies kxk ≤ C∗.
Now we take Ω = {x ∈ X : kxk < C}, where C > C∗ will be chosen

later. Obviously Ω satisfies condition (a) of Lemma 2.1.
Now let x ∈ ∂Ω ∩Ker L = ∂Ω ∩ Rm, i.e., x is a constant vector in Rm

with kxk = C. For such x we obtain

kQHxk ≥ min
i=1,m

⎛⎝Ãi −Mi

mX
j=1

BjiGji

⎞⎠C −
mX
i=1

ρi.

By condition H5

min
i=1,m

⎛⎝Ãi −Mi

mX
j=1

BjiGji

⎞⎠ > 0.
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Then we can choose C > C∗ so large that

min
i=1,m

⎛⎝Ãi −Mi

mX
j=1

BjiGji

⎞⎠C >
mX
i=1

ρi.

Hence for x ∈ ∂Ω ∩ Ker L we have kQHxk > 0 and QHx 6= 0, that is,
condition (b) of Lemma 2.1 is satisfied.
To prove (c), we define the mapping (QH)μ : Dom L× [0, 1] −→ X by

(QH)μ = −μÃ+ (1− μ)QH, where Ãx = (Ã1x1, Ã2x2, . . . , Ãmxm)
T .

For x ∈ ∂Ω ∩Ker L as above we obtain

k(QH)μxk ≥ min
i=1,m

⎛⎝Ãi −Mi

mX
j=1

BjiGji

⎞⎠C −
mX
i=1

ρi > 0.

This means that (QH)μx 6= 0 for x ∈ ∂Ω ∩Ker L and μ ∈ [0, 1]. From the
homotopy invariance of the Brouwer degree [12] it follows that

deg (QH, Ω ∩Ker L, 0) = deg (−Ã, Ω ∩Ker L, 0) = (−1)m 6= 0.

According to Lemma 2.1 the equation (6) has at least one N -periodic so-
lution. This completes the proof of Theorem 2.1.

Theorem 2.2. Suppose that conditions H1—H4, H6, H7 hold. Then the
N-periodic solution of (6) is unique and globally exponentially stable.

Sketch of the proof. Let gij(c) = max{gij(c), cij(c)}, i, j = 1,m, c =
1, N . Clearly,

NX
c=1

gij(c) = Gij , i, j = 1,m.

Now we shall use the following assertion.

Lemma 2.2. Assume that condition H6 holds. Then there exists λ > 1

such that for any i = 1,m, n ∈ IN and λ ∈ (1, λ] we have

λ(1−Ai(n)) +Mi

mX
j=1

Bji
NX
c=1

λc+1gji(c)− 1 ≤ 0.

Now let us suppose that x∗(n) = (x∗1(n), x
∗
2(n), . . . , x

∗
m(n))

T is an N -
periodic solution of equation (6), and x(n) = (x1(n), x2(n), . . . , xm(n))

T is
any solution of (6) for n ≥ 0, defined at least for n ≥ −N .
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From (6) and (7) for n ∈ Z+0 = {n ∈ Z : n ≥ 0}, n 6= nk we derive

|xi(n+ 1)− x∗i (n+ 1)| ≤ (1−Ai(n))|xi(n)− x∗i (n)|

+
mX
j=1

bijMj

NX
c=1

gij(c)|xj(n− c)− x∗j (n− c)|,

while for n = nk we have

|xi(nk + 1)− x∗i (nk + 1)| ≤ (1−Ai(nk))|xi(nk)− x∗i (nk)|

+
mX
j=1

BijLj

NX
c=1

cij(c)|xj(nk − c)− x∗j (nk − c)|.

Now we introduce the quantities

yi(n) = λn|xi(n)− x∗i (n)|, λ ∈ (1, λ], i = 1,m, n ≥ −N.

Then we have

yi(n+ 1) ≤ λ(1−Ai(n))yi(n) +
mX
j=1

BijMj

NX
c=1

λc+1gij(c)yj(n−c), (10)

λ ∈ (1, λ], i = 1,m, n ∈ Z+0 .

Now we consider a Lyapunov functional V (n) = V (y1, y2, . . . , ym)(n) de-
fined by

V (n) =
mX
i=1

⎧⎨⎩yi(n) +
mX
j=1

BijMj

NX
c=1

λc+1gij(c)
n−1X

s=n−c
yj(s)

⎫⎬⎭ , n ∈ Z+0 .

Taking into account (10), we estimate the difference ∆V (n) = V (n+ 1)−
V (n) for n ∈ Z+0 :

∆V (n) ≤
mX
i=1

⎧⎨⎩λ(1−Ai(n)) +Mi

mX
j=1

Bji
NX
c=1

λc+1gji(c)− 1

⎫⎬⎭ yi(n).

By virtue of Lemma 2.2 we have ∆V (n) ≤ 0 for all n ∈ Z+0 , which implies
that

V (n) ≤ V (0), n ∈ Z+0 . (11)

On the other hand, we have

V (n) ≥
mX
i=1

yi(n) =
mX
i=1

λn|xi(n)− x∗i (n)|
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and

V (0) ≤
mX
i=1

⎧⎨⎩1 +Mi

mX
j=1

Bji
NX
c=1

cλ
c+1
gji(c)

⎫⎬⎭ max
s∈I−N

|xi(s)− x∗i (s)|,

where I−N = {−N,−N +1, . . . ,−1, 0}. Here we used the fact that 1 < λ ≤
λ.
Thus from inequality (11) we obtain

mX
i=1

|xi(n)− x∗i (n)| ≤Mλ−n
mX
i=1

max
s∈I−N

|xi(s)− x∗i (s)|, n ∈ Z+0 ,

where

M = max
i=1,m

⎛⎝1 +Mi

mX
j=1

Bji
NX
c=1

cλ
c+1
gji(c)

⎞⎠ .

This completes the proof of Theorem 2.2.
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